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ABSTRACT

For singularly perturbed selfadjoint one-dimenzional reaction-diffusion problem, using the Galerkin
method with the natural choice of test function, a difference scheme on a non-uniform mesh is given,
wich is second-order accurate at nodes for the fixed perturbation parameter. A numerical exaple,
wich illustrating the theoretical results, isincluded.
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1. INTRODUCTION
We consider the following two-point boundary value problem

L.y:=¢"y"(x)- p(x)y(x)= f(x), na (01) (D)
¥(0)=0; y(1)=0, e

where ¢ isparameterin  (0,1), while the functions p and f arein C?[0,1] and p satisfies
p(x)2a>0, xe[01]. ©)

Under these hiphoteses L satisfies the maximum principle and problem (1)-(3) has a unique solution
. The solution y has, in general, aboundary layer of width O(¢) at both end points of [0,1] (see [3]).

2. DISCRETIZATION OF THE PROBLEM
Let 0=x, <X <...<X,_, <x =1beameshontheinterval [01]. Thetest functions

¢ (1=12,..,n-1) aretaken, satisfying
Lo =¢¢"-P4 =0, on (x,x,) (j=01..,n-1) (%)
¢ (x)=5, (i=021..,n-1), (5)
where p(x):=p, = p(x, +h—2"),on [ x,x., ) (j=01..,n-1),
h =x_,-x (j=01..,n-1), and p(x,)=p,,.

Thetest functions ¢, (i=12,...,n—1) havetheform

u'(x) ; if x,<x<x
$.(X) = uiI (X) ;If X <x<x,
0 ;  otherwise

where

1491



0 ()= sinh( (x,, — x)). 0 (x)= sinh( (x—x))

| snh(gh) sinh(gh)
P :
p="", h=x,-x, (i=01..,n-1).
&
The approximate solution is then sought intheform ~ 7"(x)=S" 7 4,(x);  y*= ¥ =0.

=~

=1

Using the proporties of the basis functions ¢, (k=12,...,n—1), it isevident that y"(x )=y’
(k=12,...,n-1). If we define the operator

B (w,v):=(-&W,v)-(pw,v), (wveH?), (6)
then we can find the set of constnts y; (k =12,..,n —1) from the folowing system of linear equations

a,y.+a, v+a.,y,=(f4) (=12..n-1) @)
where @, =B (¢,,4) (k=i-1i,i+1) and f(x) isdefined analogously to p(x) .

Lemmal. The difference scheme(7) has a unique solution.

Proof. The matrix of the difference scheme (7) isan M-matrix, and hence invertible. A

Let p(x) and F(x) be continuous piecewise linear Lagrangian interpolants of p(x)and f(x) on
[0.1], respektively. So, we have
p(X)=p =ax+b on [x,x.]
f(=f =cx+d on [x,x.].
The aproximate solution is then sought in the form

7 x)=5 ¥ 4:;  §= =0, ®

Using the proporties of the basic functions ¢, (k=12,..,n-1), itisevident y"(x )=y’
(k=12,...,n-1). If we define the operator

B,(w,v):=(—&W,v)-(pw,v), (w,veH?), 9)
then we can find the set of constants ¥ (k=1,2,...,n—1) from

B(y.¢)=(f.¢) . for i=12,...n1. (10)
from (10) we have following variational difference scheme

3, y.+a, y+a.v=(fg)  (=12..n-1, (11)
where §, =B (4,,¢) (k=i-1i,i+1). Now, we have

a8,=B(¢.¢)-(P-DP¢.4)=8,-(F-P)4.4) fork=i-1jii+1. (12)

3. NUMERICAL EXPERIMENT
In this section, we present some numerical results which illustrate the results in section 2. The
maximum error E_ bettween analytic solution and numerical solution, i.e.

E, =max | y(x)- y"(x)| for scheme (7) and E, = max | y(x)— §"(x)| for scheme (11).
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In(E,)-In(E,,)
In2 '

Example. In this example we apply the difference schemes (7) and (11) to problem
&°y" — y=cos’ 7 X+ 2&°7* cos2nx

y(0)=0 ; y@)=0.

The order of convergence, defined in the usual way by Ord =

The analytic solution of this problem can be writen exsplicitly as y(x) = % —Ccos’ 7 X.
l+e-
y(x) za 2= 27"
It can seen from the form of the analytic
0.2 solution that this problem has a boundary
layersin the neighbourhood of points x=0

05 and x=1 for small parameter ¢ .

O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Inthiscasewelet h=n"; > =2""*
Table 1. Scheme (7)

K
N 3 4 5 6 7 8 10 12

16] 1.86e-2 162e-2 | 143e2| 133e2| 130e2| 13le2| 138e2| 157e2 (=

1.99 1.99 1.99 1.99 2.00 2.02 2.07 217 Ord
32] 4.68e-3 4.06e-3 | 3593 | 3.33e3| 3.24e3| 323e3| 3.28¢3 | 3.48e3 En
1.99 1.99 1.99 1.99 201 2.02 2.08 2.08 Ord
64| 1.17e-3 10le3 | 897e4 | 832e4 | 809%-4 | 804e4 | 8.07e4| 8224 E,
2.00 2.00 2.00 2.00 2.00 2.00 2.02 2.03 Ord
128] 2.92e-4 254e-4 | 224e-4 | 2.08e-4 | 20264 | 2.0led | 20led | 2.02e4 En
2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.03 Ord
256] 7.32e-5 6.35e-5 | 5.61le5| 520e5| 505e5 | 5.02e5| 5025 | 5.02e5 En
1.99 2.00 2.00 2.00 1.99 1.99 1.99 2.00 Ord
512] 1.83e-5 158e5| 140e5| 1.30e5| 1.26e5| 1.25e5| 1.25e5| 1.25e5 En
2.00 2.00 2.00 2.00 2.00 1.99 1.99 2.00 Ord

1024] 4.56e-6 4.00e-6 | 3.50e-6 | 3.24e-6| 3.15e-6 | 3.13e-6 | 3.13e-6 | 3.13e-6 =%

Table 2. Scheme (11)

16] 9.29¢-3 8.06e-3 | 7.11e-3 | 6.58e-3 | 6.36e-3 | 6.27e-3 | 5.97e-3 | 5.1l1e-3 E,

1.99 1.99 1.99 1.99 198 1.98 193 177 Ord
32] 2.33e-3 2.02e-3 | 1793 | 166e-3 | 1.61e-3 | 1593 | 157e-3 | 1.50e-3 E,
1.99 1.99 1.99 2.00 1.99 1.99 1.98 1.93 Ord
64] 5.85e-4 5.08e-4 | 4.48e-4 | 4154 | 4.04e-4 | 4.0led | 3994 | 3.94e4 (=
2.00 2.00 2.00 2.00 2.00 2.00 2.00 1.98 Ord
128| 1.46e-4 127e4 | 112e4 | 1.04e4| 1.0le4 | 1.00e-4 | 1.00e-4 | 1.00e-4 En
2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 Ord
256] 3.66e-5 317e-5| 280e5| 260e5| 252e5| 25le5| 250e5| 250e5 E,
2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 Ord
512] 9.15e-6 794e-6 | 7.0le6 | 650e-6 | 6.3le6| 6.27e-6 | 6.27e-6 | 6.27e-6 E,
2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 Ord

1024] 2.28e-6 198e-6| 1.74e6 | 162e6| 158e6| 1576 | 157e6| 157e6 E,
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Comparing Table 1 with Table 2 one can see that the errorsin Table 2 are about two Times smaller
then the coresponding errors in Table 1. The numerical results in Tables indicate the uniform
convergence of the difference schemes (7) and (11) at therate O(h?).
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