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ABSTRACT 
Sculptured surfaces used in the design and manufacture of molds, dies …etc. are obtained generally in 
three stages: roughing, semi-finishing and finishing. In recent years, the Reverse Engineering is used 
in the duplication of objects from physical model or prototype that are defined by a cloud of points 
which can be regular or irregular. To duplicate an object, two techniques are used: 1) tool path is 
generated based on the reconstruction of the CAD model, 2) tool path is generated directly without 
passing by the reconstruction of the CAD model. The first technique is a difficult task and expensive in 
time. In this paper, for roughing sculptured surfaces defined by 3D regular cloud of points on 3-axis 
CNC milling machines using flat end mill cutter, a methodology is proposed permitting the automation 
of this process by firstly generating the Z-map model and the triangles, secondly generation of 
contours, selection of tool radius and generation of offset contours and finally the tool path is 
generated in “One-Way” and “Zig-Zag” using parallel plane machining strategy. 
Keywords: Sculptured Surface, Regular Cloud of Points, Reverse Engineering, Roughing, Z-map, 
Parallel Planes Strategy. 
 
 
1. INTRODUCTION 
Sculptured surfaces used in the design and manufacture of molds, dies …etc. are machined on 03 or 
05-axis CNC milling machines in three stages : roughing, semi-finishing and finishing by considering 
surface definition, machining parameters, tools …etc. In recent years, the Reverse Engineering is used 
for duplicating objects from physical models or prototypes. For this process, the first step is the 
acquisition of the coordinates of a cloud of points using a contact or non-contact devices where the 
cloud of points can be regular or irregular. Both methods generate a dense cloud of points in three-
dimensional space which is used in the reconstruction of the CAD models. In consequence, there is no 
relationship between these points which complicates the generation of the tool path. Different 
problems related to the machining of sculptured surfaces given by their CAD models are considered 
[1-4]. For the object defined by a cloud of points, a reduced number of researchers are published. 
Different methods are proposed for 3-axis machining [5-8] and for 5-axis machining [9-10]. In [11], 
OuYang considered the selection of the optimal ball end mill for finishing sculptured surfaces. In this 
paper, for roughing sculptured surfaces defined by 3D regular cloud of points on 3-axis CNC milling 
machines using flat end mill cutter, a methodology is proposed that automatically generates the        Z-
map model and a set of triangles approximating the cloud of points. Next, the tool radius is selected 
allowing roughing of the maximum cutting planes and finally, contours, offset contours and tool path 
using parallel plane machining strategy in “One-Way” and “Zig-Zag” sweeping modes are generated 
sequentially. This methodology reduces the product development cycle and hence the costs which 
increases the productivity. 
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2. PROPOSED METHODOLOGY 
The proposed methodology is divided into three stages (Figure 1). In the first stage, from 3D regular 
cloud of points, the coordinates of a grid of points are calculated using Z-map model and then a set of 
triangles are generated. In the second stage, the contours are generated and then the offset contours are 
determined based on the selected tools. The tool path is generated in the last stage. 
 
 
 
 
 
 
 
 
 
 

Figure 1. Proposed methodology. 
 
2.1. Z-map model creation and unit normal vector estimation 
In this work, the cloud of points is supposed regular and the measuring is done on planes parallel to 
the YZ plane along the Y-axis. To simplify the creation of triangles and manipulation of the mesh of 
points, the regular cloud of points is replaced with a uniform grid of points on the XY plane by 
specifying the steps “dx” and “dy” along X-axis and Y-axis respectively (Figure 2). Next, the Z-map 
model is obtained by calculating the Z coordinate of all points of the grid by interpolations along      
Y-axis and along X-axis based on the coordinates of the original cloud of points (Figure 3). Once the 
Z-map is determined, a set of triangles that approximate the shape of the object are created. Since the 
CAD model of the cloud of points is unknown, for each vertex of the grid, the normal vector is 
estimated by reconstructing a B-Spline surface using the interpolation [13] in the neighborhood of the 
considered point. Once the B-Spline surface is reconstructed, the tangent vectors uT

r
, vT
r

 and the unit 
normal vector nr  at a specific point (u, v) on the parametric plane can be calculated [13]. In this work, 
for each point of the Z-map model, a B-Spline surface is reconstructed from a grid of (3×3) points and 
the degrees of the surface p and q are equal to two. Nine situations can be distinguished depending on 
the position of the considered point (Figure 4). For calculating the unit normal vector, the parametric 
coordinates u and v for different situations are: 1) u=0, v=1; 2) u=0, v=0.5; 3) u=0, v=0;                     
4) u=0.5, v=1; 5) u=0.5, v=0.5; 6) u=0.5, v=0; 7) u=1, v=1; 8) u=1, v=0.5; 9) u=1, v=0. 
 
 
 
 
 
 
 
 
 
    Figure 2. Grid of points. Figure 3. Z coordinate determination.  Figure 4. Different situations.  
 
2.2. Contours generation 
Before generation of the roughing tool path, the first step is to calculate the contours for each cutting 
plane that delimit the material to be removed. These contours are generated from the different 
intersections between the set of triangles and horizontal cutting planes defined from the depth of cut. 
To accelerate this process, the triangles are grouped into horizontal slices. Notice that for all vertices 
of triangles, the unit normal vectors are estimated. Once the segments are generated for each plane, the 
different contours belonging to this cutting plane are created. The next step is to orient correctly the 
contours which is necessary to determine the correct offset direction during the construction of the tool 
path. These contours can be oriented in clockwise (CW) or in counterclockwise (CCW) direction.  
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The first step is the determination of the correct direction of the unit normal vector for each segment 
which is obtained from the normal vector of its vertices (Figure 5). The next step is the determination 
of the right orientation of the contours. For each contour, from the vertices S1, S2 and the unit normal 
vector 1N

r
 of its first segment, two situations are considered: 

a. If the Z component of 211 SSN ×
r

 is positive, then the contour is in the right orientation 
(Figure 6). 

b. If the Z component of 211 SSN ×
r

 is negative, then the contour is in the wrong orientation 
and must be reversed (Figure 7). 

 
 
 
 
 
 
Figure 5. Segment unit normal vector.   Figure 6. Correct orientation.     Figure 7.Wrong orientation. 
 
2.3. Offset contours generation 
In order to eliminate the risk of interferences, the first step is to determine the tool radius allowing the 
machining of a maximum of cutting planes. This step is necessary since using a big tool radius can 
create loops and the elimination of these loops leads to uncut areas. These loops are detected using 
sweep line algorithm. So, in this work, the tool radius “R” allowing the machining of a maximum 
number of cutting planes is selected and then the offset contour are obtained by offsetting each 
segment with an offset distance equal to the sum of the tool radius “R” and the stock allowance “ε” 
defined by the user according to its unit normal vector. 
 

2.4. Tool path generation 
To rough an object defined by a cloud of points, parallel plane machining strategy in “One-Way” and 
“Zig-Zag” modes are used. With this strategy, the user introduces the direction of the tool movements 
and the distance between two consecutive paths. Giving these parameters, the intersection points 
between the set of parallel segments in the given direction and the offset contours are determined and 
the machining segments are identified. After, the tool path is generated either in “Zig-Zag” or in “One-
Way” mode. For machining, the tool starts machining the linear segments and then it passes along the 
offset contours in order to obtain a good surface. 
 
3. RESULTS 
The proposed methodology has been implemented in an object-oriented software running under 
Windows using C++ Builder and the graphics library OpenGL. This software is designed for roughing 
any 3D regular cloud of points to be machined on 3-axis CNC milling machine where the measuring is 
done along Y-axis. To demonstrate the effectiveness of the proposed methodology, simulated clouds 
of points are obtained from the intersection of a convex NURBS surface with parallel planes (Figure 
8.a) where the distance between two consecutive planes, the maximum number of points along the Y-
axis and the number of planes are equal to 1 mm, 291 and 46 respectively. For this example, Z-map 
and triangles are generated from a grid of points defined by 100 points along Y-axis and 30 points 
along X-axis (Figure 8. b). To generate tool path; tool radius, stock allowance and depth of cut are 
fixed to 10mm, 1mm and 1mm respectively. Figure 9 shows offset contours, machined segments and 
tool path in “One-Way” and in “Zig-Zag” modes. 
 
 
 
 
 
  a. Cloud of points.       b. Generated Triangles 

Figure 8. Creation of triangles. 
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   a. Machined segments.  b. “One-Way” mode.        c. “Zig-Zag” mode. 

Figure 9. Generated tool path. 
 
To obtain these results the developed software takes a time that depends on the density of points, the 
number of points of the grid and the different machining parameters. For this example, the results are 
obtained in nearly 15 seconds. 
 
4. CONCLUSION 
In this paper, a methodology is presented permitting the automation of the roughing of sculptured 
surfaces defined by 3D regular cloud of points to be machined on 03-axis CNC milling machines 
using flat end mill cutter. This methodology uses Z-map model to generate a set of triangles that 
approximate the initial cloud of points, generates the contours, selects the tool radius allowing 
roughing of the maximum cutting planes, generates offset contours and tool path using parallel plane 
machining strategy in “One-Way” and “Zig-Zag” modes. This methodology reduces the product 
development cycle by eliminating the reconstruction of the CAD model and hence the costs which 
increases the productivity. In perspective of this work, selection of the optimum tool radius for each 
cutting plane, tool path optimisation and contour parallel offset machining will be studied. 
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