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ABSTRACT 
We consider the singularly perturbed selfadjoint one-dimensional semilinear reaction-diffusion 
problem 
                                             ( ) ( )2: ,L y y x f x yε ε ′′= = ,    on  ( )1,0                                 

                                                          ( ) 00 =y ;  ( ) 01 =y ,                               

             

where f(x,y) is a non-linear function. For this problem, using the spline-method with the natural 
choice of functions, a new difference scheme is given on a non-uniform mesh. The constructed non-
linear difference scheme has uniform convergence in points of uneven division segments. A numerical 
example is given. 
Key words. Semilinear reaction-diffusion problem, difference scheme, singular perturbation problem 
 
 
1. INTRODUCTION 
We consider the semilinear singularly perturbed problem: 
 

                                     ( ) ( )yxfxy ,2 =′′ε ,  on ( )1,0                     (1) 

                              ( ) 00 =y  ;   ( ) 01 =y ,                                      (2) 
where 0 1ε< < . Assume that the nonlinear function ( )yxf ,  is continuously differentiable, and that it 
has a strictly positive derivative with respect to y , etc. 

                          0>≥=
∂
∂ mf

y
f

y on [ ] Rx1,0 (m=const.)                   (3) 

 A solution y  of (1) – (2)  usually exhibits sharp boundary layers at the endpoints of (0,1), when the 
parameter ε  is near zero. When classical numerical methods are applied to (1)-(2), one does not 
obtain accurate results on the entire interval (0,1), because we shall use nonstandard discretisation of 
(1)-(2). 
 
2.  CONSTRUCTION OF THE NONLINEAR DIFFERENCE SCHEME 
Let us write the differential equation (1) in an equivalent form 
                             ( ) ( ) ( ) ( )yxxyxyxyL ,: 2 ψγεε =−′′= ,    on [ ]1,0 ,                             (4) 
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where ( ) ( ) yyxfyx γψ −= ,, ,  and m≥γ  is a chosen constant. Consider an arbitrary grid 
1...0 210 =<<<<= Nxxxx , and consider the following boundary problems  

 ( ) 0:=xuL iε  ,   on  ( )1, +ii xx ;   ( ) ( )11, 0i i i iu x u x += = ,    ( )1,...,1,0 −= Ni           (5a) 

 ( ) 0:=xuL iε  ,   on  ( )1, +ii xx ;  ( ) ( )10, 1i i i iu x u x += = ,     ( )1,...,1,0 −= Ni           (5b) 

We denote the solutions of problems (5a) and  (5b) by  ( )xu I
i , ( )xu II

i  ( )1,...,1,0 −= Ni , 
respectively.  
Consider a new boundary problem  

( ) ( )ii yxxyL ,ψε =  ,   on  ( )1, +ii xx        ( )1,...,1,0 −= Ni                                                       (6) 

( ) ( ) ( ) ( )11; ++ == iiiiii xyxyxyxy . 

Clearly, we have ( ) ( )xyxyi ≡  on  [ ]1,0   ( )1,...,1,0 −= Ni . The solution of (6) is given by 

( ) ( ) ( ) ( ) ( )( ) [ ]( ) ,,,,, 121

1

+∈++= ∫
+

iii

x

x

II
i

I
ii xxxdssyssxGxuCxuCxy

i

i

ψ  

where ( )sxGi ,  is the Green’s function associated with the operator εL  on segment  [ ]1, +ii xx . The 
function ( )sxGi ,   in this case has the following form  

                               ( ) ( )
( ) ( )
( ) ( )⎪⎩

⎪
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=
;

;1, 2 suxu

suxu
sw

sxG
II
i
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I
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i
i ε

         
1
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+
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ii

ii

xxsx
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 ,                   (7) 

where ( ) ( ) ( )( ) ( ) ( )( ) sx
II
i

I
isx

I
i

II
ii xusuxususw ==

′
−

′
= . 

Clearly, ( ) [ ]( )1,0 +∈≠ iii xxssw ,  because solutions  I
iu  and II

iu  are linearly independent .  

From boundary conditions in (6), it follows that ( )1 i iC y x y= = , ( ) 112 ++ == ii yxyC    
( )1,...,1,0 −= Ni .          
Hence, solution iy  of (6) on the segment  [ ]1, +ii xx  has the following form  

                         ( ) ( ) ( ) ( ) ( )( )dssyssxGxuyxuyxy
i

i

x

x

II
ii

I
iii ,,

1

1 ψ∫
+

++= + .                               (8) 

Functions  ( )xu I
i  and ( )xu II

i  are known from earlier papers (see e.g. [ ]2  ), and have forms 

 ( )
( )( )
( )

1sinh
sinh

iI
i

i

x x
u x

h
β

β
+ −

= , ( ) ( )( )
( ) [ ]( ),,

sinh
sinh

1+∈
−

= ii
i

iII
i xxx

h
xxxu

β
β

                      (9) 

( )1,...,1,0 −= Ni  ,     where  1, i i ih x x
γ

β
ε += = −  . 

Boundary problem:   ( ) ( )yxxyL ,: ψε =      on    ( )1,0 ,   0)1()0( == yy ,                             (10) 
has a unique continuously differentiable solution ( )xy . Since ( ) ( )xyxyi ≡  na [ ]1, +ii xx , 
( 1,...,1,0 −= Ni )  we have that ( ) ( )

ii xxixxi xyxy =−= ′=′ || 1 ,   ( )1,...,2,1 −= Ni  . 

Now, differentiating (8), and also by ( ) ( )
ii xxixxi xyxy =−= ′=′ || 1 ,   ( )1,...,2,1 −= Ni  , we get 

( )( ) [ ( )( ) ( )( ) ] [ ( )( ) ]=′
−+

′
−

′
+

′
=+==−=−− iiii xx

II
iixx

I
ixx

II
iixx

I
ii xuyxuxuyxuy 1111  

[ ( ) ( )( ) ( ) ( )( ) ] .,,,, 1

1

1

i

i

i

i
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xxi
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x
i

x

x

dssyssxGdssyssxG
dx
d

=−∫∫
−

+

−= ψψ                                       (11) 

where ( ) ( )1,,1 +−== iiikxyy kk . 
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We define   ( )( ) ( )( ) ( )( ) ( )( )1 1; ;
i i i i

I II I I
i i i i i i ix x x x x x x x

a u x d u x u x b u x− −= = = =

′ ′ ′
= − = − = − . 

From  (9) it follows that : 
( ) ( ) ( ) ( )1 1

; ;
sinh sinh tanh tanhi i i

i i i i
a b d

h h h h
β β β β
β β β β− −

= = = + . 

Hence,  now  (11) has the following form: 

1 1i i i i i ia y d y b y− +− + − = ( )( ) ( )( ) ( )( ) ( )( )
1

1

1, , , ,
i i

i i
i i

x x

i ix x x x
x x

d dG x s s y s ds G x s s y s ds
dx dx

ψ ψ
+

−

−= =
= −∫ ∫ .  

After differentiating, the right hand side in the above equation becomes 

( ) ( )( ) ( ) ( )( )
1

1

1 1 12
1 , , ,

i i

i i

x x
II I

i i i i i i i i
x x

a y d y b y u s s y s ds u s s y s dsψ ψ
ε

+

−

− + −

⎡ ⎤
⎢ ⎥− + = +
⎢ ⎥⎣ ⎦
∫ ∫  

0;0 == Ni yy    za  ( )1,...,1,0 −= Ni  .           (12) 
 Clearly, we cannot generally explicitly compute the integrals in (12). We approximate 
the function ( )( )xyx,ψ , on the segment [ ]1,i ix x− , by 

( )( ) 1 1
1 , ,

2 2
i i i i

i
x x y yx y xψ ψ ψ − −

−
+ +⎛ ⎞= = ⎜ ⎟

⎝ ⎠
   [ ]( )1, ( 1,2,..., )i ina x x i N− = , 

where iy   ( )1,...,2,1 −= Ni  are approximation values of the solution  y(x) of the problem (1) – (3) in 
points ix ( )1,...,2,1 −= Ni . Finally from (12) we get the difference scheme 

1

1

1 1 1 12
1 i i

i i

x x
I II I

i i i i i i i i i i
x x

a y d y b y u ds u dsψ ψ
ε

+

−

− + − −

⎡ ⎤
⎢ ⎥− + = +
⎢ ⎥⎣ ⎦

∫ ∫ ( )1,...,2,1 −= Ni .         

From (9), we have  

1

1
1

1 1

cosh( )1 1 1( )
sinh( ) sinh( )
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x
II i
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1 cosh( )1 1 1( ) .
sinh( ) sinh( )
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h h

β
β β β β

+

= ⋅ − ⋅∫  

Hence, our difference scheme has the following form:   

      =+− +− 11 iiiiii ybydya 1 11
1 1( ) ( )i i i ii ic a c aψ ψ
γ γ + +− − + − , where is 

)( 1−

=
i

i htgh
c

β
β

. 

We define iii cac Δ=−  i 111 +++ Δ=− iii cac . We can write the last difference scheme in the form   

                               111111
11)( +−+++− Δ+Δ=++− iiiiiiiiiii ccyayccya ψ
γ

ψ
γ

                       (14) 

where  1+= ii ab  and 1++= iii ccd . Since ( , ) ( , ) ,x y f x y yψ γ= −   from (14) we have: 

( ) ( )1 1
1 11 1 1 1 1( )

2 2
i i i i

i i i ii i i i i i i i i i
c c c ca y c y c y a y y y y y f f

γ γ
+ +

+ +− + − + −
Δ Δ Δ Δ

− + + + + + + = +  

 where  1 1
1 ,

2 2
i i i i

i
y yx xf f − −

−

⎛ ⎞++
= ⎜ ⎟⎜ ⎟

⎝ ⎠
. After some computation, we get: 

  i
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i
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i
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i
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i
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If we define i
ii rca
=

+
2

, then the difference scheme  (14)  gets the simpler form: 

                   ( ) 1
1 11 1 1

i i
i i i ii i i i i

c c
r y r r y r y f f

γ γ
+

+ +− + −
Δ Δ

− + + = + .                                           (15) 
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3. NUMERICAL RESULTS 
Consider the following boundary problem   
                                             1032 −+=′′ yyyε ,           for  )1,0(∈x  
                                                        0)1()0( == yy . 
We use difference scheme (15) to compute the approximate solution. 
  
Table 1. Error En , and convergence  rates Ord  for approximate solution 

 
42−=ε

 

72−=ε
 

102−=ε
 

162−=ε
 

222−=ε
 

282−=ε
 

302−=ε
 

 

64=N  1.54e-3 1.73e-3 1.76e-3 1.76e-3 1.76e-3 1.76e-3 1.76e-3 En  
 2.05 2.01 2.01 2.01 2.01 2.01 2.01 Ord  
128=N  3.83e-4 4.30e-4 4.36e-4 4.36e-4 4.37e-4 4.37e-4 4.37e-4 En  
 2.01 2.00 2.00 2.00 2.00 2.00 2.00 Ord  
256=N  9.58e-5 1.07e-4 1.09e-4 1.09e-4 1.09e-4 1.09e-4 1.09e-4 En  
 2.00 2.00 2.00 2.00 2.00 2.00 2.00 Ord  
512=N  2.39e-5 2.68e-5 2.72e-5 2.72e-5 2.72e-5 2.72e-5 2.72e-5 En  

 
( )in

i
n

nin yyE 2

1
)(max −=

≤≤
, where is ( )( ) ( )n

i iy y x= ,  approximate values of the unknown function y , 

in i-th points of mesh,   n is the number of points in the mesh. The convergence rate (Ord) is defined 

by 
2ln

)ln()ln( 2nn EEOrd −
= . 
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Figure 1. Graphics approximates solutions for values  ,2 4−=ε  72−=ε  and 302−=ε  
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